This paper presents a novel construction technique for constrained nonconvex Nonlinear Programming Problem (NLP) test cases, derived from the evaluation tree structure of standardized bound constrained problems for which the global solution is known. It is demonstrated in a step-bystep procedure how first an equality constrained problem can be derived from an unconstrained one, with bounds imposed on all variables, using the Directed Acyclic Graph (DAG) of the unconstrained objective function and the use of interval arithmetic to derive bounds for the new variables introduced. An advantage of the proposed methodology is that several standard unconstrained global optimization test cases can be constructed for varying number of optimization variables, thus leading to adjustable size derived NLP's. Further to this in a second step it is demonstrated how any subset of the equalities derived can be relaxed into inequalities giving an equivalent optimization problem. Finally, in a third step it is demonstrated how, by reducing the number of equality constraints derived, it is possible to obtain more complex expressions in the constraints and objective function. The methodology is highlighted throughout by motivating examples and a sample code in Mathematica TM is provided in the Appendix.
Introduction
Global optimization is of great significance in scientific and engineering practice. The global optimizer may correspond to a structural conformation of a system, such as the folded form of a protein or molecule, which is the lowest energy configuration observed in nature and is the form defining its functional properties. Similarly, in human markets and economic activities, it is obviously important to discover the most economical solution to any routing, design or scheduling problem, as settling down for a local minimum/maximum would represent a loss of utility in comparison to what could be achieved if the global solution was found.
However, global optimization is not an easy task, as even in continuous variable optimization it entails a combinatorial search if the global minimum is to be guaranteed deterministically. Many effective methods for deterministic global optimization have been developed, and references giving extensive coverage of the topic are Floudas [1] and Tawarmalani and Sahinidis [2] . The testing of global optimization software, either using deterministic or stochastic methods, requires the availability of test cases of varying complexity and size. For unconstrained global optimization there are numerous standard test functions with known global solutions such as More et al. [3] or Ronkkonen et al. [4] , and it is relatively simple to design new ones. However, in the case of constrained global optimization, although some test problems are available [5, 6] , it is difficult to procure an assortment of standardized constrained test problems with varying degrees of difficulty.
Our focus in this work is to present a construction technique which transforms any bound constrained problem (bounds may be added without much effort if the global solution is known) into an equivalent constrained Nonlinear Programming Problem (NLP). Equivalence is a term used in the sense of having identical global optimizers to the original problem.
This paper is organized as follows. In section 2 the core of the method proposed is presented. After that, in section 3 an example will be provided, which transforms a well known benchmark unconstrained problem into a constrained equivalent function. Then in section 4 further details are presented to explain how the method was programmed and deployed. Finally, in section 5 the results of the present effort are summarized, underlining the novel contributions. An appendix is provided with the code used in the course of the work.
Methodology
The methodology proposed in this work starts with any analytic objective function, corresponding to a bound constrained optimization problem, and analyzes its evaluation tree. We restrict our attention to binary evaluation trees, otherwise known also as Directed Acyclic Graphs (DAG), of the function evaluation. The methodology followed is similar to Smith and Pantelides [7] and Liberti and Pantelides [8] , who used DAG's to design a deterministic global optimization method, although our purpose here is to construct constrained NLP test cases of varying complexity and size.
The methodology is based on the fact that any analytic function (i.e. which can be expressed as a simple set of instructions on a computer involving arithmetic operations and unary functions -functions involving a single variable as argument) can have its evaluation represented as a binary tree. It is noted that there may be more than one way to represent a function as a binary tree, but they are all equivalent. The binary tree representation requires for each node the evaluation to have two children nodes, a left and a right child, and evaluation proceeds from the leaves of the tree (the actual variables occurring in the function) evaluating higher dependent nodes until the root of the tree is reached (the objective function of the unconstrained problem).
Deriving NLP's with equality constraints and bounds
To construct the maximal size NLP problem corresponding to the objective function of the unconstrained problem we proceed as follows:
1. Assign a new variable v i , i = 1, 2, . . . , m to the m inner nodes of the tree, excluding the objective function evaluation which is at the root of the DAG. We could assign a new variable to the root as well, but that would mean the objective function of the resulting NLP would be comprised simply of that new variable. We propose to avoid having this formulation and rather keep a potentially nonlinear function as the new objective of the resulting NLP. 2. For each new variable in each inner node write down the arithmetic operation it is equal to with evaluation of the node as an equality constraint, for nodes i = 1, 2, . . . , m. 3. Reaching the root of the tree, write down the arithmetic evaluation giving its value as the objective function of the resulting NLP problem.
4. Given bounds for the original variables of the problem,
. . , n use interval arithmetic to propagate them through the tree to calculate bounds for the variables of the inner nodes, v
It is noted that bounds for the root of the tree (the objective function) can be derived also in this fashion. It is also noted that bounds derived using interval arithmetic in this manner using the DAG will be loose. 5. Given the known global optimizer of the original optimization problem, x * i , i = 1, 2, . . . , n, use the evaluation tree to calculate all the corresponding optimal values of the new variables v * i , i = 1, 2, . . . , m and confirm the objective function value at the optimum. 6. Given the optimal point (x * , v * ) one may appropriately restrict around it the bounds found in step 4 above.
The procedure thus starts from an original optimization problem given by:
subject to:
and derives the following equality constrained NLP problem (with bounds):
The equality constraints h i (·, ·) and the objective function f (·, ·) will be of simple form. These will involve either arithmetic operations or power exponentiation between two arguments (the children nodes of the corresponding node i), or a nonlinear function (e.g. sin, cos, tan, exp, log, pow) of a single argument. If more complicated forms are desired, it is possible to carry up to node i the expressions of parts of the subtree rooted at node i down to the original variables x of the unconstrained problem. This may be done in such a way that either the number of constraints remains the same, or it is reduced by substituting the entire node expression explicitly for the original variables. The derivation of these more complex constraints is presented in section 3 where a motivating example is used to highlight the methodology, and related options are detailed for its implementation in Mathematica TM which is presented in the section 4.
Deriving NLP's with equalities, inequalities and bounds
Knowing the global solution of an equality constrained NLP allows one to reformulate some of the equalities into inequalities following analysis of the values of their Lagrange multipliers at the solution.
Compacting the variable vectors into
T the Lagrangian of the NLP in equations (2a)-(2d) is given by equation (3), without including the bounds as constraints as it is assumed here that they are inactive for simplicity of presentation:
where λ i is the Lagrange multiplier associated with equality constraint h i .
Lagrange multipliers of equality constraints are sign free, while if we had inequality constraints added to the problem such that h i (z) ≤ 0 and the corresponding optimal Lagrange multiplier should be λ * i ≥ 0. Similarly if we had constraints added to the problem having the form −h i (z) ≤ 0 then in the Lagrangian we would have had terms −λ i h i (z) again with the requirement that λ * i ≥ 0.
Thus the equality constrained case is such that if we have a positive multiplier at the solution we can relax the equality constraint as h i (z) ≤ 0, or if the multiplier is negative relax it as −h i (z) ≤ 0 (or h i (z) ≥ 0). In this way we may choose arbitrarily how many of the constraints we wish to write as equalities and how many as inequalities in the resulting NLP.
The procedure for this modification of the resulting NLP is as follows:
1. Set the number of inequalities desired, m I , such that m = m I + m E where m E is the number of equalities. Choose the partitioning of indices i such that the set I is the set of constraint indices to be treated as inequalities, and E is the set of constraint indices to be treated as equalities. 2. Obtain the optimal Lagrange multipliers for the equality constrained problem, λ * ∈ R m , in equations (2a)-(2d). 3. Write the new optimization problem.
The resulting optimization problem is given as:
It is noted that the optimal Lagrange multipliers in step 2 above can be obtained either by calling any NLP solver to find a solution for the optimization problem initialized at the known globally optimal solution z
If the given global solution is trusted then by solving a feasibility problem for the Karush-Kuhn-Tucker (KKT) necessary conditions. The KKT necessary condition for the problem in equations (2a)-(2d), assuming that the bounds are inactive at the global solution, is given by:
The system in equation (5) , is an overdetermined system of linear equalities. There are m unknowns, the λ * variables, and the gradient vectors have n + m entries. A suitable pivoting procedure can be used to eliminate the equations so that the m columns have m pivots and the remaining equations are identically equal to zero. The latter condition when there are numerical errors, e.g. due to truncation of the reported solution and limited precision of calculating the gradients, will have to be checked within a numerical tolerance in the pivoting (Gaussian elimination) algorithm used.
Alternatively, a feasibility Linear Programming (LP) problem can be set up and solved to find λ * . For example, using minimization of the infinity norm of the equality violations in the KKT gradient system we get:
n+m is a vector with entries all equal to 1.
The above LP problem has 2(n + m) constraints, one bound, and m + 1 variables. The value of the objective at the solution, ε * , is indicative of the satisfaction of the KKT conditions at the given global solution. Determination of the optimal Lagrange multipliers is only necessary to get their correct signs as they define the directionality of the relaxed inequalities of the modified NLP problem.
It is noted that the inequality constraints constructed as above will be active (binding) at the global solution z * . It is possible to easily include further inactive inequalities (non-binding) at the global solution as follows.
Select a number m I of arbitrary functions g i (z) involving any number of the total variables of the system (x and v, indicated by the total vector z), with index i belonging to index set I . Calculate the values of g i (z * ) at the globally optimal point and append the following (inactive) inequality constraints to the NLP of equations (4a)-(4d):
This completes the construction procedure.
Motivating example
We consider the Extended Rosenbrock Function (More et al. [3] ) for 4 variables: 
−100
A binary tree representation of this function is given in Figure 1 where the interior nodes' variables are indicated to the left of each inner node. The problem results in 27 interior nodes in the binary tree.
The resulting equality constraints are given in Table 1 , along with the corresponding optimal Lagrange multipliers. The objective function is f = v 9 +v 18 . The optimal values of all the variables at the global minimum are given in Table 2 , along with the intervals calculated for all the variables based on the intervals of the x variables as input.
Finally, additional non-binding constraints at the global solution can be constructed as shown in Table 3 . In adding such loose inequalities at the solution, one has to be careful that the variables value range is a subset of the definition domain of the functions introduced.
Implementation
The implementation was carried out in Mathematica TM (version 8.0), in which operators are overloaded to record the elementary operations (this includes addition, subtraction, division, multiplication and also the exponential, logarithmic and trigonometric functions) when they act on objects with the head ADOO. This has been done using the "TagSet" :/ = command. When a function is called with an argument of the type ADOO, an evaluation trace of the function will be saved to the list "trace", not dissimilar to the trace processed by the reverse accumulation mode of automatic differentiation [9] .
Any particular element of the evaluation trace is also a list, corresponding to an elementary function (an intermediate variable). Each will contain the result, index of the arguments of the operation and an arbitrarily assigned operation ID. Where an argument of an elementary function is a constant, the value is stored as a string in the trace. The elements are sorted in order of evaluation, with the last element corresponding to the value of the function (and consequently the objective function in the NLP). Essentially, the evaluation trace is a k × 4 array, where k is the number of elementary functions that composes the overall function. The equalities can then be 
e. the expression of the i-th intermediate variable is the i-th row of the first column in trace). There are two optional routines allowing for more variation in the constraints generated. The first is allowing a chosen number of randomly selected constraints to have their expressions collapsed to be in terms of the x variables, whilst deleting the constraints contained in the subtree with the collapsed expression at its root. The routine finds the appropriate constraints to be deleted by the scanning through the information stored in the evaluation trace. Note that this routine will relabel the index of the constraints. Since the constraints are selected simultaneously, it may turn out that some expressions, which were selected to be collapsed, are deleted, resulting in fewer than the chosen number of constants being collapsed. The second option allows the conversion of equalities to inequalities if the optimum solution Lagrange multipliers are provided.
Appendix 5 presents the operator overloading code in Mathematica TM , which needs to be run so as to render the related subroutines memory-resident. Appendix 5 presents an example of the usage of the code produced. In the example shown, some auxiliary routines are employed to augment the FindMinimum optimization solver of Mathematica TM which in its current version (version 8.0) does not provide the values of Lagrange multiplier. Although the additional routines are not included in this paper, their operation and output are explained in comments where necessary in the example code. The first printout of the optimization solver has been skipped to avoid excessive cluttering, but the solutions are available later in the execution of the code.
Conclusions
This paper presents a methodology for the systematic construction of NLP test problems for global optimization. This is based on analysis of the evaluation tree of standard unconstrained global optimization cases, and construction of appropriate expressions that serve as equality constraints. Using the Lagrange multipliers at the know global optimal solution, it is possible to relax any number of these into binding inequality constraints.
Further options are offered with this methodology to "collapse" any number of nodes in the evaluation tree to produce more complicated algebraic expressions for derived equality constraints. Finally, knowledge of the globally optimal solution allows one to add extra inequality constraints that are by construction designed to be inactive at the solution.
The methodology proposed is an effective way to generate arbitrary size NLP test problems for global optimization studies. This is based on the fact that several standard unconstrained global optimization test cases can be constructed for varying number of optimization variables, thus leading to adjustable size derived NLP's. . The variables will be selected randomly , the user specifies the number of variables in the " number " argument when calling the routine . The resulting redundant variables will then be identified and deleted . This also requires " trace " and " solvsubst " to be loaded . Note that in some cases , variables that are selected to be collapsed may also be deleted as a result of other variables being selected ( this becomes more probable as the " number " becomes larger ) . *) col l a p se C o ns t r ai n t s [ trace_ , constraints_ , solvsubst_ , number_ ] 2 ,3 ,4 ,5 ,6 ,7 ,8 ,9 ,10 ,11 ,12 ,13 ,14 ,15 ,16 ,17 ,18 ,19 ,20 ,21 ,22 ,23 ,24 , 25 ,26 ,27 ,28 ,29 ,30 ,31 ,32 ,33 ,34 ,35 ,36 ,37 ,38 ,39 ,40 ,41 ,42 ,43 ,44 ,45 ,46 ,47 ,48 , 49 ,50 ,51 ,52 ,53 ,54 ,55 ,56 ,57 ,58 ,59 ,60 ,61 ,62 ,63 ,64 ,65 ,66 ,67 ,68 ,69 ,70 ,71 ,72 , 73 ,74 ,75 ,76 ,77 ,78 ,79 ,80 ,81 ,82 ,109 ,110 ,111 ,112 ,113 ,114 
